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Abstract
Applications of the monodromy transform approach to construction of exact solutions of electrovac-
uum Einstein - Maxwell field equations are considered. Examples of new solutions are given.
The suggested earlier approach to solution of Einstein - Maxwell equations for electrovacuum fields
depending on two coordinates [1,2], which was called as monodromy transform method, allows to
reduce the problem to solution of one scalar singular integral equation. This integral equation looks as
possessing a standard classical form [3,4]:∫
L
K(ζ, τ)
ζ − τ
x(ζ) dζ = k(τ) (1)
where the integral is understood as the Cauchy principal value integral on the cut L on the spectral
plane; τ and ζ ∈ L. The kernel K(ζ, τ) and the right hand side k(τ) are given and x(ζ) is unknown
function. The entire structure of the field equations is ”encoded” in the functions K(ζ, τ) and k(τ) and
in the structure of the cut L.
The cut L on the complex plane τ should consist of two nonintersecting cuts: L = L+ ∪ L−, where
L+ joins τ = ξo and τ = ξ, while L− joins τ = ηo and τ = η. Here the parameters ξ and η are two
real coordinates of the form: ξ = x− t, η = x+ t for wave fields or complex conjugated to each other,
e.g., for stationary axisymmetric fields: ξ = z + iρ, η = z − iρ. The parameters ξo and ηo are the
coordinates of some chosen fixed point at which the components of the unknown metric are normalized
by the values of the components of Minkowski metric.
The expression for the kernel K(ζ, τ) includes the jump at the point ζ on the cut L of the function
λ(τ, ξ, η, ξo, ηo) and the scalar product of two vectors k(τ) and l(ζ):
K(ζ, τ) = − [λ]ζ (k(τ) · l(ζ)) , k(τ) = {1, u(τ), v(τ)} ,
λ =
[
(τ − ξ)(τ − η)
(τ − ξo)(τ − ηo)
]1/2
, l(ζ) =

 1− iǫ(ζ − βo)u†(ζ)iǫ(ζ − βo) + ǫα2ou†(ζ)
−4ǫ(ζ − ξ)(ζ − η)v†(ζ)

 .
Here ǫ = 1 for real ξ,η and ǫ = −1 for complex conjugated ones; βo = (ξo + ηo)/2, αo = (ξo − ηo)/2j,
with j = 1 for ǫ = 1 and j = i for ǫ = −1; u†(τ) = u(τ ), v†(τ) = v(τ ). The functions u(τ) and v(τ)
are arbitrary holomorphic on L and therefore, we have actually not two, but four arbitrary functions:
u+(τ) and v+(τ) should be holomorphic on L+, while u−(τ) and v−(τ) should be holomorphic on L−.
For vacuum fields v±(τ) ≡ 0 and there remains only two arbitrary functions u±(τ).
The right hand side of the scalar equation (1) is one of the components of the vector k(τ) =
{1, u(τ), v(τ)}. Let x[u] and x[v] are the solutions of (1) corresponding to the choice in the right hand
side of (1) the functions u(τ) and v(τ) respectively. Then the Ernst potentials possess the expressions
E = −ǫ−
2
π
∫
L
[λ]ζ f(ζ)x[u](ζ) dζ, Φ =
2
π
∫
L
[λ]ζ f(ζ)x[v](ζ) dζ
where ǫ = ±1 and the function f(ζ) = 1− iǫ(ζ − βo)u
†(ζ).
1
Various applications of the method described above, the properties of the functions u(τ), v(τ) and
their relation to the propeties of the corresponding solutions have been considered in [2],[5]. Here it
is important to recall that if u+ and u− and similarly, v+ and v− are analytically continuations of
each other and are arbitrary rational functions, then the corresponding solution of the field equations
possess the explicit expressions in elementary functions [2] which can be obtained using the elementary
theory of residues. This allows to construct numerous examples of new exact solutions and to extend
considerably the known classes of solutions by including there new parameters as well as to construct
the nonlinear superpositions of the fields of various sources or waves.
Below we present some examples corresponding to the simplest choices of rational functions u(τ) and
v(τ) in which we restrict our consideration by the stationary electrovacuum fields with axial symmetry.
1) u(τ) = 0,v(τ) = 0 – Minkowski space-time
2)
{
u(τ) = uo = const
v(τ) = 0
– Minkowski space-time in accelerated reference frame
(Rindler metric)
3)
{
u(τ) = uo = const
v(τ) = vo
– Space-time filled by a homogeneous electromagnetic field
(Bertotti-Robinson universe)
4)
{
u(τ) = a τ + b
v(τ) = c τ + d
– Generalization of Melvin electromagnetic universe
(including the Bertotti-Robinson solution)
5) u(τ) =
u1
τ − h1
, v(τ) =
v1
τ − h1
– a complete family of Kerr-Newman solutions
6) u(τ) =
u1
τ − h1
+
u2
τ − h2
, v(τ) =
v1
τ − h1
+
v2
τ − h2
– the field of two interacting sources
of the Kerr-Newman type.
For a conclusion we present three examples of solutions for static fields which are the particular
cases of 6) written in terms of bipolar coordinates centered at the sources:
1) gtt =
(r21 − 2m1r1 + e
2
1)(r
2
1 − 2m1r1 + e
2
1)
(r1r2 − e1e2)2
, Φ =
e1(r2 −m2) + e2(r1 −m1)
r1r2 − e1e2
,
e1
m1
=
e2
m2
.
2) gtt =
{[
ℓ2 −m21 −m
2
2 + 2m1m2 cos(θ1 − θ2)
]
(r1 −m1)(r2 −m2)[
ℓ2 − (m1 −m2)2
]
r1r2 +m1m2(r1 − r2)2
}2
,
Φ =
√
(ℓ2 −m21 −m
2
2)
2 − 4m21m
2
2(m1r2 −m2r1)[
ℓ2 − (m1 −m2)2
]
r1r2 +m1m2(r1 − r2)2
,
e1 = m1, e2 = −m2,
ℓ = z1 − z2.
3) gtt =
(r21 + d
2)(r22 + d
2)
(r1r2 + d2)2
, Φ = i
d(r2 − r1)
r1r2 + d2
.
Here gtt = E + ΦΦ. In the first example which is known, but which seems as has not been presented
in the literature in a so simple form, the charges are proportional to masses; in the second one – the
signs of charges are different but their absolute values are equal to masses; in the third case, we have
the simplest massless magnetic dipole.
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